We test a new parametrization of a suitably truncated classically perfect action for SU (2) pure gauge theory with respect to self-consistency and locate the deconfinement transition on a 12 3 × 4 lattice. Using the technique of smoothing (blocking followed by inverse blocking) we demonstrate clustering of action and topological charge density. Concentrating on the Abelian monopoles found in smoothed configurations after Abelian projection from the maximally Abelian gauge, we present evidence for their role as carriers of non-Abelian action and topological charge.
formations. This allows to give a precise definition of the scale of ultraviolet fluctuations which are integrated out from the gauge fields and how to change this scale [17, 18] . For inverse blocking this statement holds as long as only one inverse blocking step is performed.
In a recent paper the present authors, together with M. Feurstein [19] , proposed to use the inverse blocking method as a general tool suppressing ultraviolet fluctuations, in particular in order to expose the medium-and long-range physics in generic non-Abelian lattice gauge field configurations.
The concept of inverse blocking originally arose within the context of a classically perfect lattice action and has been essential for the construction of the perfect action or suitably truncated actions of less complexity [18] . The concept was then used to handle the otherwise difficult problem of defining the topological charge of a given lattice configuration [17] . The actual measurement of topological charge was based on a geometric method.
In the meantime, the method has been refined by repeating several steps of subsequent blocking (superimposing each time different coarse lattices) and inverse blocking ('smoothing cycles') [20] with the aim to resolve the instanton structure of individual lattice configurations. Doing that, strictly speaking, these authors gave up the original idea of inverse blocking, which was to preserve the structure of a given lattice configuration at any scale above the upper blocking level. Applying smoothing cycles -in a way very similar to the standard minimization of the gauge field action ('cooling') -does not only wipe out short-range fluctuations of perturbative origin but destroys also small-size non-perturbative structures (e.g. small instantons and distorted instantons in the real vacuum) that one might want to study. Not unexpectedly, the gauge fields are driven into configurations which exhibit well-separated lumps of action and topology. Near to their centers, these lumps can be well interpreted as single instantons frozen out of the lattice configurations. But there remained a puzzle [20] . Similar to moderate cooling, sufficiently large Wilson loops evaluated on the smoothed lattice gauge field configurations were still showing an area law with non-vanishing string tension. However, if one mocks up the gauge fields as dilute instanton gas configurations, taking the positions and sizes from the frozen out instantons, one fails to produce confinement. Something seems to be lost.
The original Refs. [17] have been our starting point to look into more details of the description of lattice topology going beyond the measurement of the total topological charge.
As in Ref. [19] , we prefer in our present work the original point of view that one should preserve the structure of the gauge fields -as it is given in the quantized vacuum above the blocked level -by doing just one smoothing step.
From the very beginning, instead of studying the distribution of topological charge alone, we have been also interested in the monopole degrees of freedom and their interrelation with the topological density [19] . In that paper we have found that by the minimal smoothing procedure the noise of the topological density as well as the number of Abelian monopole currents become considerably reduced while the string tension changes only insignificantly. This is challenging since it seems to indicate that the bulk of the monopole activity is not related to the property of confinement. For instance, in the result of smoothing (after removal of most of the abundant monopoles) the finite temperature anisotropy of the remaining monopole currents becomes enhanced and behaves qualitatively like an order parameter of the confinement/deconfinement transition. In the deconfined phase, only very few space-like monopole currents remain on the smoothed lattice configurations.
In Sections II and III of the present work we prove the stability of a new parametrization of the fixed-point gauge action and determine the coupling β crit where the deconfinement transition occurs for our N τ = 4 lattice. In the following Sections IV and V we provide additional evidence that a gauge invariant characterization of the Abelian monopole degrees of freedom is possible. We point out local correlations between the monopole currents of the maximally Abelian gauge and the local action and the local topological density. These signals are enhanced for smoothed configurations. Finally, we conclude and propose directions for further investigations in Section VI.
II. TESTS FOR OPTIMIZING THE ACTION
The simplified fixed-point action [17] has been improved recently, and a suitably truncated version [21] has been obtained. Again, it is parametrized in terms of only two types of Wilson loops, plaquettes U C 1 = U x,µ,ν (type C 1 ) and tilted 3-dimensional 6-link loops (type C 2 ) of the form
and contains several powers of the linear action terms corresponding to each loop of both types that can be drawn on the lattice
The parameters of this action have changed [21] compared to [17] and are reproduced in Table I .
Suppose we have a fine lattice of links U and a coarse lattice of links V covering the same physical volume. Being a classically perfect action, S F P can be evaluated on both lattices and must satisfy the following condition
configuration by configuration over a representative ensemble of equilibrium gauge field configurations V , near to the continuum limit. In other words, the minimum of the expression in brackets on the left hand side must saturate the lower bound provided by the right hand side. T (U, V ) is a certain non-negative functional related to the blockspin transformation (see [17, 19] ). Blocking means a mapping from the link fields U given on the fine lattice on link variables V which ought describe the same configuration on the next coarser lattice.
This mapping is realized by the following construction:
The coarse link variable V x,µ has to be an SU(2) group element which requires normalization
The blocking parameters c block 2 = 0.12
have been optimized earlier in Ref. [15] under very general conditions.
Inverse blocking is a mapping V → U SM where the new link variables U = U SM are implicitly defined as the set of links providing, for the configuration encoded as V , the 'smoothest interpolation' on the next finer grained lattice. Practically, the link field U SM must be found by minimizing the extended action in the bracket on the left hand side of Eq.
(3). It is smoother than all possible quantum fields U from which the coarse level field V might have been obtained by blocking. From the point of view of minimization, κ plays the role of a Lagrange multiplier defining the strength of the constraint provided by the coarse grained configuration. The relation (3) expresses the equality of the fine and coarse grained partition functions within the saddle point approximation neglecting one-loop corrections (which holds in the classical limit for β → ∞).
In our last paper [19] we encountered a problem that we could not resolve and which has caused some discussion. On one hand we used the action proposed in Ref. [17] . With this action we have generated our Monte Carlo configurations on the fine lattice. These have been blocked in order to get the ensemble of coarse configurations V . Then we did the minimization to yield the respective smoothed copies U SM corresponding to each Monte Carlo configuration U MC , again on the fine lattice. On the other hand, however, in order to match the condition of saturation (3) between the blocked and smoothed configurations on average in our Monte Carlo ensemble, we were forced to empirically tune κ to another (smaller) effective value. Thus, we were effectively working with a weaker constraint. Although we could make a number of valuable physical observations, this was not satisfactory, because all parameters of the extended action are strongly related to each other by the very construction of this action.
Therefore, it was of primary importance for us to make an independent check of the new parametrization of the perfect action using our best minimization procedure. Before presenting the results of this test and the comparison with the old parametrization, some details on our minimization routine used to accomplish the inverse blocking are due at this place. There are two modes of relaxation which differ in the way how a tentative update of the whole lattice is proposed. They are tried one after another. The first mode consists in determining the direction of search for each link using the derivative with respect to U of the linear part of the extended action S F P (U) + κT (U, V ) occurring on the left hand side of Eq. (3). Then we try a quadratic interpolation of the extended action (now including the non-linear terms in S F P ) as function of the given link along the corresponding geodesics in SU(2). This interpolation is based on action measurements for two step sizes (rotation angles) and is used to estimate an optimal angular step. This rotation is then applied to the link U as a tentative update. After all links are updated sequentially in this way, a global check is made whether the full extended action (including now the full blocking kernel T (U, V )) would really decrease. If this is the case, the tentative global update is accepted.
If not, the second relaxation mode is chosen. Now the direction of search is chosen randomly in order to explore the neighborhood of the given link U in the gauge group. With respect to these directions a quadratic interpolation in the step size is constructed, too, in order to get an optimal rotation angle. fields. We show in Fig. 1 , for the new parametrization given in Table I In contrast to [19] , the theoretically favored value of κ = 12 has been used in these tests and throughout the further investigations reported in this paper. We emphasize again the improvement achieved with the new parametrization [21] compared to the old one [17] . In the present work the new parametrization of the fixed-point action has been systematically tested and, to our knowledge for the first time, practically used for the topological analysis of equilibrium lattice configurations.
III. SEARCH FOR THE DECONFINEMENT TRANSITION
We have simulated thermal configurations with the new parametrization of the simplified the value of B 4 (L) expected from the 3d Ising model (see [22] ). This gives an indication that the finite temperature pure SU(2) theory with the perfect action could also belong to the usual three-dimensional Z(2) spin model universality class.
In other words, the ensemble of blocked configurations analyzed by means of the cumulant crossing criterion for the thermal phase transition points to the same value of β crit as on the fine lattice where the actual simulations have been carried out. Notice that the coarse lattice has only N τ = 2 temporal lattice steps. We expect that the finite temperature results of a simulation on such a coarse lattice would suffer from bigger discretization errors. In any case, sizes of the fine lattice similar to that used in this study are certainly too small to draw any conclusions with respect to the finite size scaling behaviour of the model.
Before entering a thorough study over a broad range of temperatures including the immediate neighborhood of the deconfinement temperature, we will content ourselves in the present work with explorations at two temperatures, one in the confinement region corresponding to β = 1.4 and one deeply in the deconfinement phase at β = 1.8. We are aware that these cases are relatively far from the actual transition temperature. The linear extension of the lattice at β = 1.8 changes roughly by a factor one half compared with the lower β value.
IV. CLUSTERING OF ACTION AND TOPOLOGICAL CHARGE IN SMOOTHED CONFIGURATIONS
In this Section we will show that already the procedure of minimal smoothing (one blocking followed by one inverse blocking step) exhibits the clustering of topological charge and action. On the 12 3 × 4 lattice used for our finite temperature investigation, at lower β values compared to the tests of the action, the inverse blocking does not reach that degree of saturation of Eq. (3) as decribed above. In comparison with Fig. 1 the two histories are somewhat more displaced from each other, and the remaining difference amounts to a few percent of S F P (V ) depending on β.
The full topological analysis was done for only 50 configurations at both temperatures.
We define the action density s site (x) per lattice point (also called 'local action') as follows
Here, according to the notation in Section II, C j (x) (with j = 1, 2) means loops of type j running through the lattice site x. Summing up s site (x) with respect to x yields the total action. The topological charge density definitions we are using are the naive one constructed out of plaquettes around a site x
or the contribution from a given hypercube according to Lüscher's definition of charge [23] .
We did not attempt to improve the field theoretic definition. Both topological densities used are known to behave regularly for smooth configurations [19] .
The sequence of both (smoothed) charges is shown for β = 1.4 as an example for the confinement phase in Fig. 3 and subsequent configurations seem to be reasonably decorrelated. The ensemble has a dispersion of topological charges Q 2 = 9.04 in case of the integer valued Lüscher charge and Q 2 = 7.14 for the naive topological charge. analysis reveals that nearly selfdual or antiselfdual domains are clearly preferred in both phases as far as the local action exceeds a threshold value of s site (x) ≈ 0.3. This is documented by the ridges in the probability distribution of the local topological charge at given local action density which is shown in Fig. 5 . It is not surprising that -at all β values in a manner similar to the continuum -the topological density is locally bounded by the action
More than that, we find an enhanced probability to find a topological density near to saturation. This means that after smoothing strong enough color-electric and -magnetic fields show up mutually aligned to a high degree.
V. GAUGE INVARIANT PROPERTIES OF ABELIAN MONOPOLES
In our previous paper [19] we have performed the transformation to the maximal Abelian gauge of smoothed configurations U SM and, for comparison, of the Monte Carlo configurations U MC they originated from. After the projection to the Abelian gauge field (neglecting the charged vector matter fields in the non-diagonal components of the links) [7] , the Abelian monopole content of the original Monte Carlo ensemble and of the ensemble of smoothed copies thereof has been determined by the DeGrand-Toussaint construction [24] as usual.
Our most astonishing result was that the monopole activity was reduced by more than an order of magnitude, roughly proportional to the reduction of the topological activity. The latter has been defined in Ref. [19] as A t = x |q(x)| in terms of the local topological density.
Although the correlation function of monopole currents and topological density (given as a function of distance) was measurable also without smoothing, it was not different in shape (different in normalization, of course) for Monte Carlo and smoothed configurations.
We give now more detailed evidence for the local correlation of gauge invariant quantities The number of gauge cooling iterations necessary for original Monte Carlo configurations to reach the same accuracy was only slightly bigger. Smoothing is important to exhibit more clearly the action and topological charge carried by the Abelian monopoles. In order to demonstrate this by comparison, we present data for unsmoothed configurations in Fig. 9 , only for one coupling at β = 1.4. Notice the order of magnitude change in the scale of the local action s 3−cube (c) compared to the plots for smoothed configurations (Fig. 7) . Even without smoothing, there is a small but clear distinction in the distribution of the cube-oriented local action between monopole cubes and cubes without monopoles. In the topological density histograms, however, one cannot see any difference between the presence and absence of a monopole current as long as no smoothing has been performed. This does not mean the absence of correlations between monopoles and topologically charged objects, it only reflects that the topological density is hidden by quantum fluctuations.
It seems to be natural to define an excess of action or topological charge per monopole world line length. This should be possible (independent of the configuration) if monopoles were semi-classical objects. We define this as the mean of the local action s 3−cube over all cubes which are dual to a monopole-occupied dual link in a given configuration. In the case of the topological charge we use the mean of the geometric topological charge over all 4d
hypercubes from which a monopole current emanates. Again, we study this separately for space-like and time-like monopole currents.
In Figs Secondly, let us consider the case of deconfinement (Fig. 11) . We have found only one configuration carrying a non-vanishing total topological charge. This is the configuration Therefore, a semi-classical treatment of the Abelian monopoles seems to be questionable in the confinement phase.
Finally, in Fig. 12 the total length of monopole loops is shown, separated into the time-like and space-like part, for each individual lattice field configuration at β = 1.4 and β = 1.8, respectively. In the confinement phase space-like monopole currents dominate over time-like although there exists, at finite temperature, already some anisotropy (the ratio is smaller than 3). We find large clusters of monopole currents which percolate through the lattice both in time and in the three space directions. This will be the topic of a separate publication [25] . In the deconfinement phase only monopole-antimonopole pairs remain where each world line wraps around the time direction. In our sample, space-like currents occur exclusively as deformations of these almost static world lines, only in the four configurations mentioned above. This is clearly visible in Fig. 12 and illustrates the direction in which the monopole content of the theory is changed in the deconfinement phase.
Nearer to the transition temperature we expect space-like monopole currents to occur more frequently but no space-like percolation should exist above the transition temperature.
VI. CONCLUSIONS
In this paper we have discussed in detail the topological structure of pure SU(2) lattice gauge theory at finite temperature. We have analyzed lattice configurations simultaneously with respect to instanton-like topological excitations and with respect to Abelian monopoles (within the maximally Abelian gauge). We have employed the framework of recently developed classically perfect actions, more precisely a truncated fixed-point action. Ultraviolet fluctuations were suppressed by techniques which play an important constructive role within the perfect action improvement program itself -blocking and inverse blocking transformations ('smoothing'). In contrast to various action minimization schemes classified as 'cooling', smoothing represents just one controllable constrained minimization step, which keeps the smoothed fields close to the blocked fields at scale 2a.
We have seen that the result of 'smoothing', nevertheless, looks quite similar to that of 'cooling', if one restricts the latter to very few and/or small iteration steps. The topological structure becomes already clearly visible in terms of clusters of action and topological charge ranging over several lattice spacings. These clusters are certainly poorly described by ideal classical instanton solutions, but inside these clusters action and topological charge vary continuously. At positions of high action density the smoothed gauge fields turn out to be preferentially locally selfdual or anti-selfdual.
We have further investigated the correlation between instanton-like excitations and Abelian monopoles which can be found after maximally Abelian gauge fixing and Abelian projection. In order to illustrate this we have presented different views on the local correlation by examining pieces of monopole world lines with respect to action and topological charge densities attached to them.
We found that despite their detection within the maximally Abelian gauge, monopole currents alter the probability distributions of locally defined gauge independent quantities like action and topological density. Monopoles carry, in a statistical sense, significantly more gauge-invariant quantities like action and topological charge, which might indicate that the dual superconductor mechanism has a gauge-invariant explanation. This is in the spirit of a recent investigation reported in Ref. [26] . The signal becomes enhanced for smoothed configurations.
Independent of the density of monopole currents (being strongly reduced by smoothing) the relevant signal for monopole condensation is percolation in all Euclidean directions.
In particular, spatial percolation seems to be needed to produce confinement in the usual sense, i.e. the area law of time-like Wilson loops. The monopole content also of smoothed configurations fulfills this criterion in the confinement phase. Concerning deconfinement,
we have seen at large β that exclusively almost static monopole-like objects remain after smoothing. They can still explain magnetic screening (the area law of space-like Wilson loops) in this phase.
For the near future we plan to investigate Abelian dominance after smoothing and to analyze the structure of the remaining dilute monopole currents in more detail. We shall try to understand in as far the contribution of Abelian monopoles can quantitatively account for the area law of large Wilson loops. We hope to be able to determine physically relevant scales like the average extension of and the distance between instanton-and/or monopole-like clusters.
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